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EXPERIMENTAL TECHNIQUE AND EXPERIMENTAL METHOD

PARALLEL CRYSTAL LASER POSITION SHIFT INTEROMETER AND ITS
APPLICATION IN FILOW FIELD MEASUREMENT

Liu Jianbang, Xia Shengjie 1Institute of Mechanics,
Academia Sinica

Abstract: The principle of the instrument is to
obtain an interference pattern by reflecting from
the front and rear surfaces of a parallel crystal

laser beam (after beam expansion) after passing
it through the system to be measured. The instru-
ment has good vibration-preventive property, and
can be used conveniently to measure flow fields
with relatively large lateral and longitudinal
dimensions. The instrument has high light source
intensity and simple structure, and may be easily
calibrated and used. It has a good prospect of
being wildely used in flow field measurement,
especially in the measurement of supersonic flow
field.

I. Forward

An interferometer is an effective flow field measuring
instrument. The commonly used Mach-Zehnder interferometer
(abbreviated M-C interferometer) is less tolerant of vibra-
tions, has smaller field of view and depth of measurement.

Its light source has lower intensity and hence requires more
stringent demand on the measuring environment with more
limitations on the lateral and longitudinal ranges of the flow
field being measured. It 1s also difficult to make continuous
recording of high speed flow processes. The reasons for these
shortcomings are: 1) There are 4 optical elements other than
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the light source and the recording element that are involved

in the interference process. This creates 3 problems: during
exposure there cannot be any relative shifting of positions of
the U4 optical elements comparable to a wave-length (this is a
major shortcoming of interferometers in general). The method
to overcome this problem is to use vibration-free base which
tends to make the instrument bulky and heavy, inconvenient

both to manufacturing and to utllization; precise calibration
of the relative positions of the optical elements is necessary.
The more elements there are, the more complicated becomes the
calibration process and the more stringent is the demand on

the design and construction of the calibration mechanism;
optical elements require precision optical work. The more ele-
ments there are, the larger will be the quantity of optical
work. This is even more so for making an interferometer with a
large field of view. 2) Before the advent of the laser, light
source intensity for interferometers is low with inferior qual-
ity of interference, not suitable for the need of high speed
photography as well as imposing limitation on the longitudinal
range of the measured flow field.

In this paper we investigage a parallel crystal laser
position shift interferometer (abbreviated as parallel crystal
interferometer). Its principal feature is that only one single
optical element is used to produce the interferogram, namely
the front and rear surfaces of a crystal beside the light
source and the recording element. Another feature 1s that a
laser 1s used as the light source. Our work showed that the
parallel crystal interfergmeter has overcome in a great measure
the shortcomings of the%;b interferometer mentioned above, and
has the prospect to become an interferometer with high utili-
zation value, which may become widely used in flow field

measurement.




For the general theory and application of phase shift
interferometers may be found in reference [1]. A parallel
crystal was used as the basic element of a phase shift inter-
ferometer in references {2] and [3] but the method in [2]
produced interference fringes with relatively low contrast
while reference [3] merely quoted the results of [2]. 1In this
paper we analysed the principle of a parallel crystal inter-
ferometer, explained its advantages and disadvantages and their
causes, quantitatively analysed the formation of the interfer-
ence fringes and cited our experimental results.

II. Basic Principles

1. General discussion.,

As shown in Figure 1, a laser beam with good direction-
ality and coherence is expanded into a plane wave with a larger
cross—-section and even better directionallty after passing
through a beam expander. After travelling through the system

measured
flow .parallel
bean expander field crystal
Z 0

laser device

observation screen

Figure 1. Principle of a parallel crystal interferometer

belng measured, it is duly reflected from the,front and rear
surfaces of a parallel crystal to form two beams with a slight
shift in poslition, the overlapping portion of which now Inter-

fere and produce interference fringes on the observation screen.
If the measured fleld flow 1s 1ideally uniform, then an 1ldeal




plane wave through it will remain an ideal plane wave., We
shall prove below that an ideal plane wave will produce an
interference pattern with equi-distant parallel lines after
reflecting from the front and rear surfaces of a parallel
crystal. Therefore, frcm the deviation of the interferogram
of the measured flow field from a diagram of equi-distant
parallel lines, we can make direct qualitative judgment on the
density distribution of the measured flow field as well as
obtain quantitative conclusions from computation.

2. Theoretical analysis of the interferogram

We assume that the light beam propagates along the =z
axis in a Cartesian coordinate system xyz. (Figure 2). ﬁa
(x,y) is the phase distribution function in the cross-section
area A. The 2 beams reflected from the parallel crystal
deviates by an amount Ax along x axis. Ax is called the dis-
tance of position shift, and x axis the axis of position
shift. The phase distribution functions of the 2 beams on
cross~section B are respectively ¢BF(x,y) and ﬁBR(x,y). The
subscripts "F" and "R" indicate whether the reflection is from
the Front or the Rear surface. After reflection, the coordi-
nate system propagates along the reflected beam from the front
surface. Hence

$salx, ¥) = 0.(x, ¥),  baa(x,y) = $sa(zx + Br,y) + a + bx (1)

where a + bx 1s the phase change due to reflection from the
rear surface. It is not difficult to find the constants a and
b from the crystal structure, its position and properties of
its material. b's value obviously 1s directly proportional to
the angle between the front and rear surfaces of the parallel

crystal (i.e. its wedge angle). On cross-section B, ¢BP (x,y)
and ﬁéR(x,y) has a phase difference
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Ou(x, y) = P, ¥) — dps(x, y)

= ¢palx + Az, y) + a + bx — boalxs y)
Lepa(x, y) = ¢4(x + ax, y) — balxy y)

(2)

By definition
then Pox, ) = Ap(x, y) + o + b2 (3)

The surface with equal phase for an ideal uniform flow field
is the xy plane, therefore ¢A(x,y)

Itheory =0 and hence

Os(x,y)lp=0a + bx (W)
Dz, y) = 0s(x,y) — @a(x,9)] (5)

Now we shall find the phase difference ¢« (xxs y) — ¢,(x, ),

of 2 points (xo,y) and (xN,y) in cross-sectioan where the

difference between Ay and Xy is an iIintegral multiple of the f
position shift distance, namely IN=x=NAx,N=1,2, ...

We first divide the line segment Xy = Xg into N equal parts,

the coordinates of the individual points of division being

Xpp =0, 1,2, ...y N (Figure 3). From equations (2) and

(5) we can find

: N-1
@4 2n, }') — dax0 }') - Z [0y(x., Y) — @y(x,, )')ll] (6)




Figure 3

We shall now discuss the above results as follows: 1)
equation (4) shows that for an ideal uniform flow field the
phase difference of the 2 beams reflected from the front and
rear surfaces of the parallel crystal is directly proportional
to x. Therefore, the interferogram of an ideal uniform flow
field is a set of equi-distant parallel straight lines normal
to the position shift axis, the distance being 2n/b. From
this we know that the distance between the parallel lines must
be inversely proportional to the wedge angle of the parallel
crystal. The deviation of the interferogram of the realistic
flow fileld from that of the ideal uniform flow field is due to
the non-uniformity of the density of the medium in the corre-
sponding region. From this we can determine the density dis-
tribution of the measured flow field without too much 4iffi-
culty.

2) From equation (6) we can quantitatively determine the
difference in the average density along two straight lines
parallel to the optical axis in the measured flow ficld:

#Cxns )') - I’(’o’ 7) - ":— g:IP(fN’ Y, z) — p(xos Y z))dz

The projectlions of these two straight lines on the observation
screen have coordinates (xN,y) and (xo,y) while the two end
surfaces of the measured flow fleld are assumed to be the z=0




and z=1 planes. The process 1s as follows: Choose the coordi-
nates of the projJections of the observation screen of the 2
straight lines to be measured to be (XN,y) and (xo,y). They
should satisfy xn-xo=NAx, N=1,2.... Rotate the crystal about
its central axis so that the pesition shift axis 1s parallel

to the line connecting the 2 points. After the interferogram
is photographed, read off from it the value of ¢B(Xn,y) for
n=0,1,...,N-1, using (xo,y) as point 0. Then measure the dis-

tance between the interference fringes in the vicinity of

(xo,y) and find the value of b in the equation (4). With (xo,y)
still as the zero point, find the value of ¢B(xn,y) ideal at
n=0,1>--+>N=-1 from equation (4), then from equation 6 we can
find the phase difference between the points (xN,y) and (xo,y)
on cross-section A. Finally find

PCxns ¥) — (x5 y) = 2”%{ [¢palans ¥) — 4>A(xo:.')')]

(7)
where A is the wave-length and K is the Glaston-Derr constant.(4)

3) Equation (3) shows that the phase difference ¢B(x,y)
of 2 light rays incident on one point on the observation screen i
1s the sum of the phase difference A¢A(x,y) of the corresponding }

2 points on the output cross-section of the measured flow
field (their distance is equal to the distance of position
shift Ax) and the phase difference a + bx of the 2 light rays
after being reflected from the front and rear surfaces of the
parallel crystal. The value on%A(x,y) for various measured
flow fields along the direction of the optical axis with

) different average densitiess and lengths does not change very

1 much because the light ray in the region of the measured flow

field has not yet been split into 2 beams. Magnitudewise,
(L/2x)Bb4(x, ¥) is generally of the order of the wave length,

and (4/2x)(e + bx) 1s generally of the order of centimeters,

l.e. (a+ bs)>» Ad,(xr,y) - Hence in the parallel crystal inter-
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ferometer, the value of the optical path difference of the 2
interfering beams 1s primarily determined by (i/2x) (a + bz)
namely by the characterlstics of the r.»1llcl erystal and its
value 1is of the order of several centimeters. Therefcre the
parallel crystal Interferometer does not require the use of

the compensator that is commonly used in M-C interferometers,
which 1s calibrated according to the length of the optical path
of the measured flow field. Also the reguirement on the coher-
ent length of the laser light source is not very stringent.

3. Advantages and disadvantages

1. The principle optical elements that produce the inter-
ference effect in the M-C interferpmeter are the 2 beam splitt-
ers and the 2 reflecting mirrors. Any small change in the rela-
tive positions of these 4 elements will affect the optical path
difference of the 2 interfering beams; the parallel crystal
Interferometer uses only 1 optical element to produce interfer-
ence. Even under strong vibrations, the stability of the
relative position of the front and rear surfaces of the para-
llel crystal remains to be unquestionable. This is the reason
why the parallel interferometer has the capabllity to with-
stand strong vibrations.

2. The measured flow field is placed between the parailel
beam expander and the crystal where the beam has not yet been
split, therefore the relative vibration of the beam splitter,
the measured system and the crystal has no effect on the opti-
cal path length difference between the 2 interfering beams;
as shown on the observation screen, the field of view of the
Interferogram may have considerable vibrations but the inter-
ference fringes themselves remain stable. In practice, the
beam splitter, the measured system and the parallel crystal may
be mounted on three independent stands which require no speclal
set up to eliminate vibrations. This greatly simplifies the
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experimental set up and facilitates the measurement of flcw
field with relatively large longitudinal (along optical path
direction) dimension (it 1s entirely feasible to measure flow
field several meters in length). In addition, the 4 optical
elements that produce the interference effect in the [N-C
interferometer subtend an angle of 45° with the optical axis

so that their diameters should be \/3' times that of the light
beam. Two compensator windows with diameters slizhtly larger

than the beam diameter are also required. In the parallel

crystal interferometer there is only one optical element to
produce the interference effect with its angle subtended with
the incident beam nearly perpendicular and hence its diameter
needs only be slightly larger than that of the beam. There is
no need for a compensator in the parallel crystal interfero-
meter, thereby lowering considerably the demand for optical
work and moulding for optical element vis a vis the M-C inter-~

ferometer.

3. With the laser as the light source, the intensity is
much higher, making it possible tc make continuous reccording
of high speed processes with high speed cameras.

b, Simplicity in structure and convenience in calibra-

tion and utilization are reflected in fewer optical elements,

simple supporting stands, relaxed requirement on the coherent
length of the laser light source, the elimination of compensa-
tors, the lack of necessity to make precise calibrations on
the relative positions of different optical elements, the
directness of the observed results, etc.

5. The disadvantage is that in determining the average
density difference of 2 straight lines in the flow field
quantitatively, 1t 1s necessary to add several observed results k

o

together, making the procedure more complicated than that for




the M-C interfecrometer; for any non-transparent object in the
flow field, there will be "double shadow" around the edge of
the object on the observation screcen. Althourh this effect
may be reduced by shortening the position shift, yet Iin gen-
eral it cannot be completely eliminated. We must point cut
that there is no double shadow in the interference fringes so
that the effect of the double shadow generally will not affect
the result of measurement. It will only glve some uncomforta-
ble feeling to the observation.

ITI. Experimental set up and experimental results

The parallel crystal interferometer may be subdivided into
3 parts: the parallel light source, the parallel crystal and
the recording device. The parallel light source consists of
the laser and the parallel beam expander. An ordinary single

mode continuous output or pulsed output laser tube may be used
for the laser. For the parallel beam expander, we may use

either the transmitting or the reflecting type. Its effect is
to expand the beam dlameter to the desired size and to reduce
the angle of divergence to obtain a better plane wave., The

parallel beam expander should be focused to infinity. The $
diameter of the beam incident on the object lens should be i
slightly larger than the diameter of the lens so that only the :

central portion of the beam is transmitted in order to warrant
a more uniform intensity. The position of the laser and the
beam expander should be sultably arranged so that the hot air
flow produced by the laser tube will not affect the quality

of the beam. The laser and the beam expander should be mounted
on the same base support to reduce the movement of the field

of view induced by vibration. We used as light source a single
mode continuous output HeNe laser with a power rating of 1 mW.
A reflecting optical path beam expander was used with an eye-
plece of focal length 15 mm, and an objective of focal length

10
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1 m and diameter 120 mm. The output beam was good with uni-
form intensity. The structure of the beam expander and its
support is shown in photo 1 on picture page 1.

The front and rear surfaces of the parallel crystal should
be good gquality optical surfaces without any coating. The
wedge angle should be between a few seconds and a few ten's of
seconds. There 1s no strict requirement except to produce an
interference pattern with suitable distance between the fringes.
We used a wedge angle of 6". The first and second reflected
light from the front and rear surfaces of the un-coated crystal
had nearly equal intensity while that of the third and higher
reflection are rather weak, producing an interferogram with
good contrast. There was practically no effect on the inter-
ferogram from the 3rd and higher reflected light. For example,
1f the parallel crystal is made of Kgglass with an index of
refraction of 0.042, then the ratio of the incident light
intensity to the first few reflected and transmitted light
intensity are shown in Figure 4. It is easy to show that in
the interferogram of the first and second reflected light the

~. 097,

\

Figure U. Intensity ratio of incident light and the first few
reflected and transmitted light for a K9 glass crystal.

intensity of the darkest spot is only 0.006 times that of the
brightest spot. Hence the bright-dark contrast of the inter-
ferogram is close to i1deal. The transmitted part is about 92%,
which may be used for other measurements.

11
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The recording may be done by direct observation on the

) screen or by still camera or high speed movie camera. The
observatlon screen is a flat white diffuse reflecting surface.
A plece of ground glass may also be used. When the fringes are
too crowded, an enlarging device may be used in front of the '
screen. If a still camera or a high speed movie camera 1s used,

it may be mounted without the lens in place of the screen to

record the interferogram directly on the film. i

The three parts mentioned above were mounted separately on
3 independent stands (photo 1 picture, page 3). The stands
have no special vibration-isolating device.

é After the proper installation of the apparatus, an inter-
: ferogram will appear on the screen. Since now the observed
region contalns uniform density air, the interferogram should
consist of equi-distant parallel straight lines perpendicular
to the position shift axis. From this we can examine the qual-
ity of the beam expander and of the crystal. According to
experimental need, we may rotate the crystal about the central
axis to obtain the required fringe direction and then about the
y axis to calibrated the distance of position shift. Finally
the recording device is to be calibrated. Except the recording
devlce, the whole calibration procedure may be accomplished in
a few minutes.

The experimental results are as follows: Photo 2, picture
page 5 shows the interferogram of uniform density air in the
region of measurement. It approaches very closely the equi-
distant parallel straight lines normal to the axis of position
shift as calculated from equation (4). Photo 3, picture page 6
is one of the interferograms oblique laser beam recorded con-
tinuously with a high speed movie camera for a super-sonic
experiment under strong vibration. The precision of this type

12




of measurement depends on the method to measure the distance

between the fringes. Photo 4 in picture page 11l is the inter-

ferogram of the warm air flow field near a human hand. From

the manifest curvature of the fringes at the palm we can sece

that the parallel crystal interferometer is relatively sensi- !
tive. '

Because of the position shift of the two reflected beams
due to the thickness of the crystal and the incident angle,
double shadow appears in the interferogram. The thicker is

the crystal and the larger the angle of incidence, the more
separation 1s there in the double shadow. To overcome this
disadvantage, we shall reduce the thickness of the crystal so
that the two shadows will approach each other and overlap.

For this purpose, we adopted an interference element (Figure §)
consisting of a prism and a plane mirrow. The prism is in
contact with the mirror with a thin layer of air between them.
The parallel beam is incident on the prism after traversing
the measured system at almost right angle and is reflected at
the two surfaces in front and at rear of the air gap and then

emerges from the other surface of the prism. Interference is
produced due to the phase difference of the light reflected by
the two surfaces. This basically is a multiple interference

and 1s different from the parallel crystal interferometer dis-
cussed above. Since the air gap is very thin, the position

shift of the reflected beams from the two surfaces is also very
small. If the alr gap thickness is of the order of a micro-
meter, then the position shift 1s also of the o>rder of a micro-
meter and the fuzziness of the profile of the .nodel in the
interferometer will also be of the order of a hicro-meter.
According to photographic theory, a picture 1s sharp when the
diameter of the fuzzy element 1s less than 0.1 -- 0.05 mm.

The double shadow 1n the profile of the profile of a model cannot
be discerned in the interferogram when the position shift is of ]

13
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the order of a micre-meter. Thus the phenomenon of the double
shadow has been eliminated. At the samc time, fringes with
better contrast and finer details than that found in the
interferograms of apparallel crystal interometer are produced.
Furthermore, the reflection &t the bottom surface of the prism
is almost a total internal reflection, the brightness of the
interferogram is much greater than that of the parallel crystal
interferometer. This in particular is of advantage to the high
speed photographic recording of fast processes with a much
shorter exposure time. From photo 5 and 6 in picture page 14
we can make the comparison. The former 1is the photograph of

a hot nail taken with a parallel crystal interferometer while
the latter is the photograph of the same phenomenon taken with
the improved apparatus. We can see that the double shadow is
eliminated, and that the brightness has increased and the
fringes finer. This is suitable in the measurement of such
flow field as that of a supersonic wind tunnel which contains
models. l,

measured flow field ¥ » _il|l » /i 7

» 4
parallel light beam 1| 7 P, )
 »

LY S A

i
]
i % x # /
[ —— » % y,
[
7

Figure 5. Air gap interference element

IV. Conclusions

The parallel crystal interferometer 1s better suited
for measuring many types of flow fields, such as the flow
fields in aerodynamics, fluid dynamics, physics of explosion,
heat conduction, and laser physlecs; i1t can be adapted to
adverse measuring environment and has greater practicallity. It

14
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is simpler to design and construct and is easlier to be cali-
brated and used, It 1s specially good for measuring super-
sonic flow field. It 1is also good for testing the quality of
optical elements.
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RESEARCH NOTES
NUMERICAL SOLUTION OF NAVIER-STOKES EQUATIONS

Guo Benyu Shanghal University of Sclence and Technology
Guo Benqi Jiujlang Refinery

I. There are many methods to compute Navier-Stokes
equations but few are able to prove their estimation of errors,
mainly because 1t 1s difficult to treat the non-linear term
and the ratio of pressure to density. Artificial state equa-
tion was used in references [3] and [4] while Guo Benyu [6]
combined the method in reference [5] and proved the stability
of the implicit scheme. Howevgr he has not proved the conver-
gence of the explicit scheme nor has he been able to derive the
convergence of P from this. Another method to solve the Navier-
Stokes equations is to compute directly the Poison equation of
P. For convenience, let us take the following twec dimensional
equations as an example:

U aU 8U oo L OP

U Lyl , yOU_ vv+ 2

o Vs 5y ox ]
av av v vy . 8P .
LA TR LT A A A e~

ot Ox ay Y Oy f ?

- 809V _,0vau J

3P
v dx Oy dx Oy )

(1.1)

where U, V are respectively the velocity components along x,
y directions 1is the coefficient of Viscosity, f,(i-1,2,3)
are known functlions. Furthermore the initial and boundary
values of U, V and P are assumed known.

In this paper we extend the result in [5] and construct
several schemes which are convenlent for computation. We also
have extended a non-1linear inequality in [ 5], thus solving
the problem of rigorous error estimation.
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II. Let h, 1 respectively denote the step lenpgths along

the space and time directions of the net. 2a2=17/* , Q 1s a
net point. Rh represents the collection of internal points of

the net region to be solved for with I'' as its boundary. w(k)

h
or w both denote w(ih,jh,k1). 5 LY = k1), w0 Wi Wais Wey Wik Aw
all have the same meaning as in reference [5]. We further

define
(w, 8) = 3> Buw(0)u(0), lwl = (w, ), lwll= llw]? + o,

(eRy .

qw)= >, «0)

. QER +R,

where R are the collections of the internal points with

1> Ro
minimum x,y coordinate values respectively.

n(w) = [lwll} + (w)
Lemma Let w(k) be a non-negative net function, 8o L, 1, @
are positive constants. p(T) is a non-negative continuous

function of T, and when L, <d(i<k—1) , the functionals

H.(k — 1) = Hlw(0), -, wlk — NI Lw(k — 1)
G,(I’() = G[“'(0)>' ) u’(k)] 2'30"’(1()

then if ‘
gow(0) < po(T) << =70 - dg,
T
and when 1<k<[;] M,
-1
G (B < po(TY + 1 2 Hul)
then <
w(k) < 1) eLT/a
Bo
Note 1. If

H(B) = Co [wlh) + wB] e, 48 + ¢, ~ ¢ o

G, (&) =11 — Cir — wlk — 1)]w(k)

where v(k) 1s a non-negative net function and t, h are suffi-
ciently small, and there exists constant M such that C1M - C2
< C3, then we may take

d= MK, ,,n-;-, L=CM+1)
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Thus when p< ';— eTIGTIMID - 4 b,

“’(k) g 2p¢2C.7(M+1)

Note 2. In Note 1, pSMMT, Ci=10br, C;= by where b, b,,
C3 are constants, r is to be determined, Co(r) is a continuous
function of r,hence if T <« To for TO sufficiently small so that

2 TMgetCeTi {1 s then we may take

C, 1
r - s L =2C, & = —
Thence b+ & 2

w(k) < 2pe%7

ITII. The double scheme to solve (ll) is

4+ d(uyu, v) — vA(u +otu) +Pi=fi, Ry X8
v, + d(v, u, v) — vA(v + ore,) + Py =1f, RiX S
AP = ¢(u, v) + 1 Ry X & (3.1)

where 0<oc,a<1 are non-negative parameters, Sg denotes the
set E{t|lt = kr,k=1,2,.-:} s

BCuy v) = (uzv)y — Cougdi + (vgdi — (vi),

£ dCw, uy v) = aewn)s + alwo)s + (1 — a)vws + (1 — advw

a=1/2,ulr, = ¢ir,=0
then Cu, dCus u, v)) = (v, d(v, u, v)) =0

This, in practice, simulates the following conservation law and
hence yields a better numerical result:

{{(y 2U Ql_’)ug d.-g'(ui‘f+vﬂf Vdxdy = 0
]j(u 8z +Vay e ) Ox 0y)

Let us denote the errors by ;w),#k),Ti , and let ¢ =(i,d),lel?
= l&l* + gz,




]

then k-1
Nel= a2+ 17,0, HeCR oo =UeCRO +13 3 le(i) i, fle, =&+ 5,1
im0
Theorem I. In scheme (3.1), if (1) .y>>m(2yr>-%

1
<& — e
or 4 9v(1/2 — o)’ , then there exists positive number TO and

C such that when T < TO and

k=1 3

p=le(® + > D iTMDIP<H- ¢
=0 im)
leCR) e, < Mpe', where L, M are positive constants related only
to Mg e, v,0,2 and u, v and the upper limit N of the absolute
value of their first order difference quotients. 1If p = 0(h2),
then To is arbitrary.

Proof: Obviously we have the error equations

L, 5, 3) = u,+d(&, uti, v+0)+d(u, i, ND—rAGi+ori)+hi =1
L3, i, §) = 6,4d(5, u+it, v+5)+d(e, &, ©)—1vAF +0T8,) +py = f2
Ap = 3G, ¥) + F= (@, §) + ¢Cu, 9) + &G, ) + 15 (3.2)

If we compute the quantity (2 + mra, L7, 5, 5)) + (25 + mri., L&, 75 $)),
then similar to (5) we get ~
el + (m = Drlle,lf + vale) + 7' (mcf -3 ") n(e)

+ov(o+ %) (e), + (v — adDlleli — oBlel < R(e)

where A, B, Mi are positive numbers unrelated to h and 1 and

a, a, are positive parameters to be suitable determined.

1
5 1 ! 1 enoue 1202 12y 4 171 12 =
Ree) < M {(1 + LY+ Hel +1 Cleb+Iellel) + 1P+ il + el

a,; a

Following the method in (5), we choose a and m suitable and sum
the above equation in the t direction and obtain

LA
BeC e, < MeCIR + (& + 5 ) el eC0] + 7 2 R

i=0

(3.3)
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From the third equation of (3.2), we get

—n(3) = By B+ (3, 1, Ip < i’f— + 2me T+ 1G5, B) |

where 8
At
Ny = sup -!l—"—'—:-:
-'lr‘uo nl“’ln
but
R 4H Nel2iell? -
1G, 31 < LB g {TTEll ey wje ]
thence

Nell2ei2 .
150 < o6 {1LI o svapey + wapelr] + 4ol

Substitute the above into (3.3), then
-1

TG lies — MarleCOl = MalleC etk — DI < Mo + M >, ClleCdI?

1=0

pladky 12 2 v ]
b + v 3 b o LRI o el — e
Now we need only suitably choose ay and apply note 2 in the lemma
in which

w == nsuﬁen” = “Em, re=a,

Thus if U, V, P are suitably smooth so that (3.1) has an
aymptotic accuracy of at least 0(h), then scheme (3.1) conver-

ges and .
a2 + 15i2 = 04", 5 = 0(4)

IV. The triple scheme to solve (1.1) may be constructed
as follows:

u, + O0t%u; + d(u, u, v) —vAu + pi=1{,, Ry X S
v, + Ot%,; + d(v, uy v) — vOv + py=f;, RuX S
Ap-d’(",”)"'ih Rnxﬁ (u'l)

in which 6 1s a positive parameter.




Theorem II. In scheme (4.1) 1f D>,
<<y, <  then therc exist positive constants T,
y

, (2) 16 1s constant,

C such that when T<T,p =p+ [e(1)’ < C? s ‘

HeCk) iz + le(h—1)iP< Mo el 5

If p° = 0(h2), then To is arbitrary.
1 B,

Proof: Let 9=;+—T-, , then —1/2<6,<0, . Similar

to Theorem I, we have i

T'rm

Hem-+(m-—l)nuﬁl+-wKE)-—;»n(a)+-”ZT:&EL-+(v—-aANkH}

— aBjjE]l}+76,; €u,i-‘BoTlIE.!!’—'Gofl‘e""-r T e i + ~ i’m % el < R(e) 3

where [R(¢) is the same as in Theorem I. Now we take m = 2/
2+M60—9Av, then after summing over t, the sums of the 2nd,
4th and 12th terms in the LHS of the above cquation are non-
negative. The rest of the proof is similar to that used in

Theorem I but we take  #Ck) = lleWli, + [eCh — D} when

applying lemma. ' |

The ADE scheme to solve (1,1) 1s

u, + dCu, u, v) — vAu — = H(u) +pi=h,. RyX s?
Vl+d(”:“’ ”)_vAV—';H(")+P9=h: thsg

AP=¢(":”)+1!9 RAXSg (Ll,2)

where H(w) assumes the fOrms — wi — ws, We = Wihs — @i+ Wy Wa + Eo
etc 1n accordance with a definite rule.

2
Theorem III. In (scheme (4.2) v:>0,l<::w then Theorem I is
also true.

Proof: Following Theorem I we have
Bell} 4+ (m — Drlel? + ZT7 () + va(e) + (v = aA)lellt — aBllel}

2!'1' (£ H(e )) -— r-,—;-- }(C,) < E(E)
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)

where R(e) 1is same as before. The sum of the
the LHS 1s not more than -%[km+lvr(0+%)ﬂhw
24121y -

2=

last two terms on

Now 1f we

take m = then the sum of the 2nd, 7th and 8th terms

on the RIS of the above equation 1s non-negative. The rest of
the proof 1s the same as in Theorem I.

The splitting scheme to solve (1.f) may be constructed as fcllows:

W gyl — Dl +us] + B = 1/2, RX S
T 2 2 2
Gmut Y Gt e) — i b ul] + B =1/2, RAXS
o 4 ey W)= Lol o)+ B =12, RAXS
T 2 2 2
b=t L Gt i+ el + B =1/2, RXS
T 2 2 2
bp = $(u,v) + {1, ' R, X &
(4.3)
where
dx(w, u) = alwu); + (1 — adur;
dy(w,.v) = a(we)y + (1 — adrwy
Ir a=—, wlp, =0
then Cuy dx(wy 1)) = (w, dy(w, v)) = 0

Hence the conservation law is simulated. If we only need to
compute the P value at some moment, then the m:thod to cal-
culate vorticity and flow function in referenc? [5] may be

used. Then P may be found from the following equation
- &' 3\ _ 5 5 ); +
vF .2( f)(a,-’) (axay h
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Slmilar results for 3 dimencsional problems may be established.

Further results may be seen in (6) and (7). In this paper

the generalised stabllity index of the corresponding 2 dimen-
sional scheme in refercnce [€] is improved to s & 1. If the

0N

reverse wind method in (¢6) is used to compute (1.1), the schemne
is also convergent.
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